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A Modeling Study of Local Equivalence Ratio Fluctuation in
Imperfectly Premixed Turbulent Flames

Hee-Jang Moon*
School of Aerospace and Mechanical Engineering, Hankuk Aviation University
200-1 Hwajeon-dong, Duckyang-gu, Koyang-shi, Kyungki-do 412-791, Korea

The effect of fluctuation of Equivalence Ratioc (ER) in a turbulent reactive field has been
studied in order to check the global combustion characteristics induced by the local fluctuation.
‘When the flow is premixed on a large scale, closer examination on a small scale reveals that local
fluctuations of ER exist in an imperfectly premixed mixture, and that these fluctuations must be
considered to correctly estimate the mean reaction rate. The fluctuation effect is analyzed with
DNS by considering the joint PDF of reactive scalar and ER, followed by modeling study where
an extension of stochastic mixing models accounting for the ER fluctuation is reviewed and
tested. It was found that models prediction capability as well as its potential is in favor to this
case accounting the local ER fluctuation. However, the effect of local fluctuation did not show
any notable changes on the mean global characteristics of combustion when statistical inde-
pendence between the reactive scalar and ER field is imposed, though it greatly influenced the
joint PDF distribution. The importance of taking into account the statistical dependency
between ER and combustible at the initial phase is demonstrated by testing the modeled reaction
rate.
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1. Introduction

Considering that most combustion devices
(operating under non-premixed or premixed re-
gime) demand for local mixing event before com-
bustion, the value of the Equivalence Ratio (ER)
is undoubtedly a critical parameter for perform-
ance analysis {Lee et al., 2002a) . If one considers
a premixed flame subjected to a turbulent me-
dium, it is evident that a good mixing process is
crucial for preparing a petfectly mixed mixture.
However, perfect mixing at the molecular level is

* E-mail : hjm @mail hau.ac.kr
TEL : +82-2-300-0118; FAX : +82-2-3158-4429
School of Aerospace and Mechanical Engineering,
Hankuk Aviation University 200-1 Hwajeon~dong,
Duckyang-gu, Koyang-shi, Kyungki-do 412-791, Korea.
(Manuscript Received February 16, 2004; Revised April
12, 2004}

not always evident, and very often, we refer to the
terminology “rich in fuel” or “lean in fuel” for de-
fining the mixture degree, which is just the mean
value of the ER in the fuel-air mixture. Studies on
the variation of the mean value of ER is beyond
our scope of interest ; rather, this study is focused
on the local ER fluctuation effect existing in the
spatial domain in order to investigate whether
these ER fluctuations have great impact on tur-
bulent combustion characteristics. Indeed, this is
true in reality by the fact that there may be local
imperfections of mixture composition in the ac-
tual engines prior to ignition. Special attention
will be paid also on the performance of proposed
mixing models by comparing model results with
DNS results. Two mixing models, the integral
model (Curl, 1963 ; Pope, 1982; Pope, 1985a)
and the binomial model (Valifio and Dopazo,
1990 ; Moon, 1998) in the framework of Prob-
ability Density Function (PDF) method used in
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the gas phase combustion will be dedicated in this
modeling study in order to analyze if these models
can capture the cffect of ER fluctuation where
spray vaporization effect is omitted keeping the
condition of isenthalpy. This is because relatively
few studies and few models accounting for spray
vaporization are available, and also because these
upper assumptions would let us concentrate our
interests solely on ER fluctuation effect, though
Reveillon and Vervisch (2000) and Demoulin
and Borghi (2002b) have recently proposed to
include the major effects of spray vaporization on
the equivalence ratio fluctuation. Therefore, an
imperfectly premixed mixture with a non-homo-
geneous ER distribution at the initial phase is
considered in a statistically isotropic turbulence
field. The flow field condition is similar to the
one earlier presented in the work of Moon (1998)
where a stochastic model for micromixing (small
scale mixing) was tested and concluded to be a
potential model due to the physically sound ba-
sis ; additionally, possibility of the model appli-
cation toward the ER effect was briefly intro-
duced in the earlier work. If the previous work
(Moon, 1998) was devoted to the stochastic mix-
ing model development for the closure of the
turbulent molecular mixing term, the present
work is an extension of the model’s application
toward the fluctuation of ER. Objectives of this
study are to check the validity range of mixing
models, and to analyze whether ER fluctuations
produce an important effect on the combustion
process. In the sections 2 and 3, modeling proce-
dure accounting for the ER fluctuation in a sim-
ple global reaction is introduced, followed by the
results of mixing models that are compared with
DNS results in the section 4. A critical examina-
tion of the results obtained in the section 4
indicates possible improvement of the modeling.

2. Reaction Rate Modeling for
Imperfect Mixture

2.1 The proposed global reaction rate

Single-step irreversible chemical reaction of the
type F+v0 — P is adopted with the following
reaction rate :

wr=—kYrYo(T—T5)° (D

where k 1s a constant, v, the mass stoichiometric
coefficient, and 7 the initial temperature (7°>
To). Note that the usual exponential part in
Arrhenius form is replaced by the power law.

Defining a coupling parameter Z as /= YF‘%Y;}

and with the assumption of equal mass diffusivity
between F and O, Z is a conserved scalar for
which the following relation holds:

d)zzd)F-%d)o:O )

From Shvab-Zeldovich energy equation with
unity L e number, and assuming constant ¢, in an
isenthalpic flow, the mixture enthalpy % is also a
conserved scalar leading Eq. (1) to be a function
of Yr, Z and %/cp. Defining @c=dr/ Yen und
¢=Ys/Yeu, the Eq. (1) can be written as
follows :

b= kY (A TYn0%c( = £-) (1=0)* (3

where Yy is the maximum fuel mass fraction in
the mixture, and ¢ the progress variable having
the value between 0 and 1. The term £Ym/ A T®
that depends on the chemical kinetic is modeled
under the form Cs#/r; in a way that ., the
chemical characteristic time is the inverse of the
integral of reaction rate for the domain of the
progress variable (see Borghi (1985b) for details)

1 +co

—= d)cdc (4)

Te —o

To rely the effect of ER fluctuation on the
reaction rate, we set ¢=2Z2/Ym and Eq. (3)
finally becomes

we=—(kYm AT c(c—¢) (1—c)° (5)

If the flame is perfectly premixed, ¢ will be
constant in space. Furthermore, ¢ will be equal to
zero when stoichiometry is considered, i.e., the
equivalence ratio of the flow field will be equal to
1 with no spatial fluctuation in the field. We then
obtain for the reaction rate

@c=—(kRYn’AT® *(1—c)° (6)

For more complete descriptions of the appro-
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ach used here, the work of Moon (1991) should
be consulted.

2.2 Generation of initial ER field

Let us define the ER as ¢=v Y5/ Yo where v is
the stoichiometric coefficient based on mass of the
global reaction. ¢ then can be represented as :

Z Yr Yr 1

S N

(7)

and, we end up to a simple relation between ¢
and ER,
p=c(1—L1) (®)
@
where ¢ becomes a parameter describing the ex-
tent of ER. Note that the parameter ¢ is con-
served during combustion, and the value com-
bined with the progress variable provides the
local ER value. In order to impose fluctuations of
ER in the flow field, the model requires the
knowledge of the mean and the variance of ¢. The
link between ¢ and @ can be modeled as follows :
i) Usually the degree of mixture is defined
before combustion, i.e., the statistics of ¢ at f=0
are necessary. This case corresponds to ¢=1, and
it yields @o=1(1—¢o) ™' where the subscript 0
refers to the initial state. We can then relate ¢
with ¢ by

o0

(0('12:‘/:“0(7:%_ ¢0>2P(¢0) déo 9)

Y ket (o)
(Oo—_/:m =40 déo (10)

with the probability density function of ¢ at the
initial stage, P (o).

ii) Meanwhile, if the fluctuation of ER is weak,
there exists a direct link between ¢ and @ as well

as between ¢ and ¢ From the relation go@o=
@o— 1, we can derive

az%_—l and W:( Ij¢>zﬁ (11)
Po Po

neglecting the second order term. If =0 (sto-

ichiometry), this will lead @=1 and ¢?=¢?. In

other words, depending on the values of ¢ and

@7 one may simulate the required intensity of ER

fluctuation. Figure 1 shows the domain of exist-
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Fig. 1 The allowed domain of existence for the joint
PDF of reactive species and ER, P{c, ¢):
a<¢<l, 0<c<1

ence of the joint PDF, P(c, ¢), which does not
cover the whole plan (¢, ¢). The maximum allo-
wable value of ¢ is unity while @ defined as

_YOM
v Yeu

a=— (12)
is the minimum value of ¢ allowed in the mixture.
Yon is the maximum mass fraction of oxidizer in
the mixture, e.g., for air, Yoy would be around 0.
23. The line ¢=c represents the border when
Yo=0. This implies that ¢ cannot be greater than
¢ ; otherwise this causes the value of Y, to be
negative. Figure 2 shows the isoprobability line of
the joint PDF, P(c, ¢), at initial stage calculated
by DNS where the fluctuation of ER is taken into
account with an imposed value of @$,=0.0 and
$#=0.015. These values correspond to @o=1 and
ﬁZO.OIS which are the mean ER and variance
of ER, respectively. The fluctuation rate from the
mean value will then be about 12% (/7(,‘5;12
%) . and this condition is kept throughout the
present work to satisfy the weak ER fluctuation
assumption. Tests with ¢Z=0.025 (representing
16% of deviation from the mean ER) did not
show noticeable difference with respect to the case
of #*=0.015 where a higher value than ¢’=0.
025 would violate the weak ER fluctuation as-
sumption. Besides, in Fig. 2, it should be noted
that the line ¢=c is not violated and that
isoprobability lines are distributed with a certain
extent from $=0 line.
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Fig. 2 Imposed fluctuations of equivalence ratio at
the initial stage in the phase space (¢, ¢)
represented by the isoprobability line (iso-
PDF) of P(c, ¢) from DNS. (£o=0.78,

7=0.03, $o=0.0, $F=0.015)

3. Given Flow Field

3.1 Governing equations

The field of interest is a statistically homoge-
neous and isotropic three-dimensional flow field
where chemical reaction takes place between two
scalars that are initially premixed with a certain
degree of ER fluctuation. The turbulent intensity
is decaying as time evolves ; we have imposed for
the initial turbulent characteristic time, 7;=2.0s
with zero mean value for the velocity field. The
gaseous turbulent mixture is generated with a
randomly distributed local ER (more exactly ¢)
in order to initiate the effect of fluctuation
triggered by the imperfection of the pre-mixture.
The flow is assumed to have a constant density
and be isenthalpic. The computational domain is
a cubical box in an unconfined space in order to
separate any interference that might influence the
flow by the geometrical constraints. The field is
computed concurrently by DNS and by PDF
balance method for joint scalar PDF. The former
solves instantaneous equations for continuity,
Navier-Stokes and the conservation equations for
the reactive species and ¢ (representing a scalar
variable for ER) whereas the latter solves PDF
transport equations (Pope, 1981) for ¢ and ¢
with the use of mixing model (integral or bino-
mial) for the unclosed small scale mixing term.

The reason for adopting these two models is
because the prediction capability of both the in-
tegral and binomial mixing models already have
been validated for turbulent combustion (Valifio
and Dopazo, 1990 ; Moon et al., 1997) with an
acceptable fit with DNS data. The governing
equations used in the DNS are the following
instantaneous equations solved in the physical

space
B0 "

e ‘331’%2 “‘”
ac+ » g; 320 (15)
I

with a pseudo-spectral collocation method (see
Picart et al. (1988) for details). The governing
equations used in the PDF balance method are
the following averaged equations (Eqgs. 17 and
18) representing the evolution of the probability
distribution of the reactive and inert scalars in the
probability space.

oP(C) 0
ot + ox;

= lde-Og (0 5)] W
+ 1l P(O)]

P(O) | 9~
Sor o, w50

==5cl00-035 (057)]

P(C) is the PDF of the random variable C that
can be generated from the progress variable ¢ and

uia(C—C)

from the single point fine grained density defined
as p(C; x, t)=6(c(x, t) —C) with the Dirac
delta function 4. The instantaneous random
scalar C stands for ¢ in probability space, while
random scalar @ represents ¢ in probability
space. These equations introduced in the field of
classical turbulence were extensively used by
Pope and Anand (1984) and Dopazo et al. (e.g.;
see Dopazo (1979)) for the inherent advantage,
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in which the term containing the mean reaction
rate appears in a closed form. The first term in the
RHS is the molecular mixing term for the closure
of which in this study integral and binomial
mixing models are applied.

3.2 Models for small scale mixing term used
in PDF transport equation

The integral model originally comes from the
Coalescence-Dispersion model of Curl (1963)
where mixing event is stochastically modeled. It
assumes that two fluid particles with concentra-
tions ¢; and ¢; will coalesce and disperse, giving
two fluid particles to have the same concentration
of the mean value between ¢ and ¢;. This model
provides the following equations :

alt+At)=[alt) +talt)]/2
AN . . p
for CMT particles out of N particles {19)
t

a(t+A) =[a(t) +c(t)]/2

to some of the randomly selected particles Cn
ﬂ. C is an empirical constant to be adjusted,
and N, the total number of fluid particles (re-
presenting the total fine grained PDF). This
widely used model, however, has disadvantage of
physical non-relevance by the fact that the PDF
of inert scalar does not relax to Gaussian distri-
bution in decaying turbulence (Janicka, 1978).
This unphysical characteristic led Valifio and
Dopazo (1990) to introduce a binomial stochastic
model whose inert PDF distribution relaxed to
Gaussian distribution by the use of a binomially
distributed discrete random variable. The sto-
chastic mixing process is composed of two suc-
cessive sub-processes where small scale mixing is
simulated with the following equations :

ct+A=c(t) +5(é—c) Ca Bt
+@(c)At for all N particles
c(t+At)=cH+HEN<L P>

for Cn Az_ﬂ particles
t

(20)

(21)

where £ is a binomially distributed variable. The
same rule as shown above applies to ¢ without
the reaction term. These two models are com-
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pletely described in Moon et al. (1997) and Vali-
fio and Dopazo (1990). Here, these models will
be used to build a joint PDF, P(c, ¢) that will
be served for the present study on ER fluctuation.

4. Results and Discussion

The evolution of the joint P(c, ¢) is concur-
rently simulated by both DNS and PDF balance
method using Monte Carlo simulation. The reac-
tion rate of Eq. (5) is taken with the following
initial conditions for the reactive scalar and the
inert scalar representing the distribution of ER :

£=0.78, ¢?=0.03, $=0.0, $?=0.015
7:=2.0s, 7.=0.5s

This corresponds to the case of stoichiometry
(¢=0) with a given low intensity of fluctuating
ER ($2=0.015) in the spatial domain where in-
itially the two scalars, ¢ and ¢ are not correlated.
Instead, we have prescribed randomly and inde-
pendently distributed ¢ and ¢ fields. The turbu-
lent characteristic time starts from 7;=2.0s, and it
will increase as time evolves since the field is
subjected to free evolving turbulent field. Figure
3a to 3d show the isoprobability line formed by
the joint PDF, P(c, ¢) found by DNS for differ-
ent times. At the early stage of combustion {(£=0.
38s), the cloud formed by P(c, ¢) clearly shows
that the particle ¢ and ¢ are spread out in ali the
allowed domain of the mixture. Furthermore,
note that at any given value of ¢, several ¢
particles are associated. This represents the spatial
imperfection of the mixture. It can be seen that the
joint PDF retracts in the direction of ¢=0 and
elongates in order to concentrate toward ¢=0.
Although the fluctuations of ¢ and ¢ were in-
itially set independent, the independency could
not be kept, and a particular correlation appears.
This evidence demonstrated by DNS results im-
plies that the assumption of initial independency
between ¢ and ¢ might not be the best one for
modeling the initial ER fluctuation field. These
phenomena are, of course, primarily due to
mixing for ¢, and mixing and reaction for c.
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- -
1 a
3 3
O Q
@ o
= 1Y
3 8
[ X] 0.8
~0.8 E’ -0.3 F
. 4 e PN W
0.0 0.2 0.4 0.6 0.8 .o 0.0 0.2 0.4 0.6 0.8 t.0
reactive scalar ¢ reactive scalar ¢
(a) +=0.38s (b) t=1.13s
10 1.0
0.8 08
0.6 0.6
. ©
0.4 0.4
1 B
-g 0.2 -g 0.2
a 0.0 XA b)) 0.0 N . . ‘ *
t 0.2 4 : 0.2
E -0.4 g -o.4p
= -0.8 - X
-0.3 —E 0.8 '?
-1.0 J‘ 1.0 "
0.0 0.2 0.4 0.8 0.8 1.0 0.0 0.2 6.4 0.6 08 1.0
reactive scalar ¢ reactive scalar ¢
(c) t=1.88s (d) +=3.38s
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the density of dots)
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4.1 The sensibility of PDF balance method

P(c, ¢) evolutions shown in Figs. 4 and § are
computed by the Monte Carlo simulation with the
integral model and with the binomial model,
respectively. The width of P(c, @) is represented
by the spreading of dots, while the height of P{c,
¢) is represented by the accumulation (density)
of dots, which are regrouped in the phase space
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(¢, ¢). The dots represent the position of stoch-
astic particles used in the mixing model where for
this study 10,000 sampled fine grained PDFs are
considered. The joint PDF evaluated by these
models respects well the bounds of ¢ and ¢, and
furthermore, shows a time evolution that is very
close to the evolution calculated by the DNS. In
addition, it should be noted that the site where
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Fig. 6 Comparisons of statistical moments between DNS and PDF balance method using integral model for
cn=1.35 in the event of ER fluctuation (A : DNS data, B : Monte Carlo simulation with integral model)
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Fig. 7 Comparisons of statistical moments between DNS and PDF balance method using binomial model for
Crn=1.30 in the event of ER fluctuation (A : DNS data, B: Monte Carlo simulation with binomial

model)

dots are concentrated matches to that of high
isoprobability line of DNS within the acceptable
range. In view of this fact, the advantage of PDF
balance method can be clearly seen if we refer to
the “Presumed” PDF method (for instance, see
Borghi (1988) and Moon et al. (1992)) whose
modeled probability distribution cannot build
such a sophisticated PDF shape. To investigate
quantitative behavior of the PDF balance meth-
od, statistics of ¢, ¢ and the reaction rate are
reviewed in Figs. 6 and 7. Figure 6 and 7 show
the comparisons of the evolution of the statistical
moments between DNS and Monte Carlo simu-
lation using the integral model and the binomial
model, respectively. While Figs. 6a and 7a show
the decrease of the mean progress variable (first
moment) during combustion for the two mixing
models, Figs. 6b and 7b show the time evolution
of the variance (second moment) predictions of
which are not as precise as those of the first
moment. This also applies to the time evolution of
the mean reaction rate prediction (Figs. 6c and
7¢). Though in the mixing model, an empirical
constant Cn is engaged and trimmed for fitting
the DNS evolution, it is remarkable that the
results of the PDF balance method demon-
strates good agreement with the DNS results in
this study where local ER fluctuation is con-
sidered. In fact, this agreement with DNS was not
really expected even though models predicative
capability previously demonstrated in the earlier
work of Moon (1998) showed good comparisons

with much simpler reaction rate without the effect
of ER. Based on the above analysis, we can
partially conclude that extensions of these models
to the case of imperfectly premixed flame pose no
significant problem. The best concordance was
found with the value of the constant, C»n=1.35
for the integral model, and Cn=1.3 for the
binomial model.

4.2 The ER fluctuation effect

It would be interesting now to see whether the
existence of ER fluctuation distributed at every
local point has a notable impact on the global
characteristics of turbulent combustion. For this,
time evolutions of ¢, ¢’? and @ calculated by both
the DNS and PDF balance method in the case of
¢=0 (zero fluctuation of ER) for all particles are
presented in Figs. 8a, 8b and 8c, respectively. This
is the case of stoichiometry without any instanta-
neous ER fluctuation in the whole domain of the
flow field where the reaction rate corresponds to
the one presented in Eq. (6). Considering the
sensibility of models, evolutions computed by
Monte Carlo method with stochastic model (in-
tegral model) compared quite well the DNS evo-
lution as expected. Meanwhile, comparisons of
DNS results observed between Figs. 8 and 6 were
unattended. It turns out that results of DNS
shown in Fig. 8 (=0, ¢$”Z=0) are nearly identi-
cal to the DNS results shown in Fig. 6 (=0, g
#+0) which takes into account the presence of ER
fluctuations (@#=+0 in the spatial domain). In-
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without ER fluctuation (note: Monte Carlo particles position are concentrated on the line, ¢=0)

deed, the time evolution of the mean reaction rate,
the mean scalar decay or even the rms of scalar
responded very slightly to the fluctuation of ER.
This observation is beyond our expectation since
a significant difference was somewhat anticipated.
To verify results of Fig. 8, the time evolution of
the joint PDF P(c, ¢) for $=0 and ¢7=0 is
plotted in Fig. 9. It is clearly seen that the joint
PDF respects the initial condition ¢=0 during

the whole time, and keeps the uni-dimensional
distribution. As a consequence, the local fluctua-
tions of equivalence ratio that exist in the spatial
domain have negligible influence on the global
mean combustion characteristics (¢, ¢?, @), at
least, in the case when scalar ¢ and ¢ are inde-
pendently distributed at the initial phase. To
analyze the reason of these resemblances between
Figs. 6 and 8, the mean of @, described in Eq. (5)
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is decomposed as follows :

wele. ¢>=—%c<c—¢> (=)

__Gsiy

= i,

(22)
Al=c)® =g cli—ci*—cd' (1-¢)°]

In the third term at the RHS,
c¢’(1—c)® povides the cause of the similitude
found between Figs. 6 and 8. This is because

the term

independency (hence uncorrelation) between ¢
and ¢ leads the third term to vanish. Whether ¢’
exists or not, Eq. (22) becomes the mean of Eq.
(6) as far as the flow field keeps the stoichiometry
condition (¢=0). This fact implies that a certain
degree of correlation between the combustible
and ER at the initial phase should be taken into
account before combustion for more concrete
analysis of the imperfection of mixture.

5. Conclusions and Perspective

This work is devoted to the modeling of local
equivalence ratio fluctuation in an imperfectly
premixed turbulent flame existing in a generic
combustor. Numerical analysis using DNS and
modeled PDF transport equation is conducted in
order to clarify these instantaneous fluctuation
effects on the global combustion characteristics.
The main objective of this work is to evaluate the
effect of ER fluctuation that usually exists on a
small scale basis in the spatial domain, and that
may have a considerable influence on turbulent
combustion interactions. Concurrently, two small
scale mixing models in the context of the PDF
approach have been proposed for predicting the
local ER effect. It was found that the integral as
well as the binomial model used for the closure of
the small scale mixing term of the PDF transport
equations can be extended from the previous
work that dealt simple reaction rate without local
ER effect. The models were tested by comparisons
with DNS data ; the joint PDF of reactive scalar
and ER, P(c, ¢).
showed realistic agreement with DNS, and offered

found by mixing models

a good prediction capability for the mean reac-
tion rate as well as for the scalar variance. Mean-

Hee-Jang Moon

while, present numerical studies revealed that lo-
cal fluctuations of equivalence ratio existing in
the spatial domain have minor effect on the global
mean combustion characteristics when zero cor-
relation between ¢ and ¢ is imposed. Results
from DNS showed that the assumption of inde-
pendent spatial distribution between the initial
concentrations of fluctuating fuel and oxidizer is
not sufficient to demonstrate any notable infl-
uence on the mean progress variable and the
mean reaction rate. These observations led us to
conclude that the initial ER fluctuation field
should be linked to the initial reactive scalar field
in a way that the local fuel concentration must be
correlated to the local equivalence ratio. This
conclusion is quite realistic when the equivalence
ratio is not homogeneous in the pre-mixture, and
thus demands additional investigation for cor-
related case. These studies are in progress, and
further works on local ER effect with rich and
lean cases besides stoichiometry are also antici-
pated in the near future.
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